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Need to explain
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The need for discrete flavor symmetries

Need to explain































three flavors of SM particles
observed mass patterns
CKM, PMNS phases
neutrino physics
suppression of proton decay
...

Recipe: extend the SM or GUT gauge group (gauge group)×G

G non-Abelian?
⇒ various multidimensional irreps (interrelate families)

G discrete?
⇒ no signal of flavored gauge bosons

three generations?
⇒ triplet of G → G ⊂ SU(3)flavor ?

Observation: Z3, S3,∆(27),∆(54) ⊂ SU(3)

Saúl Ramos-Sánchez – UNAM A stringy flavor



Flavor symmetries: bottom–up

Flavor Symmetries = Discrete symmetries between generations in L

G = D4, S4, A4,D5, P6, . . . ,Z3, S3,∆(27), . . .

Aranda et al.; Fileviez Pérez; Pakvasa & Sugawara; Wyler; Frampton; Babu & Kubo; Mohan Parattu & Wingerter. . .

Kubo, Mondragón, Mondragón & Jáuregui; Mondragón & Gómez Izquierdo; Meloni, Morisi & Peinado

Spontaneous breaking (associated with Higgs mechanism or ��
�SUSY)

⇓

predictions of neutrino mixings

origin of hierarchies

origin of textures

origin of dark matter

. . .
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Flavor Symmetries = Discrete symmetries between generations in L

G = D4, S4, A4,D5, P6, . . . ,Z3, S3,∆(27), . . .

Aranda et al.; Fileviez Pérez; Pakvasa & Sugawara; Wyler; Frampton; Babu & Kubo; Mohan Parattu & Wingerter. . .

Kubo, Mondragón, Mondragón & Jáuregui; Mondragón & Gómez Izquierdo; Meloni, Morisi & Peinado

Unfortunately

∆(54) is almost
unexplored! /

Spontaneous breaking (associated with Higgs mechanism or ��
�SUSY)

⇓

predictions of neutrino mixings

origin of hierarchies

origin of textures

origin of dark matter

. . .
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Flavor symmetries: bottom–up

Flavor Symmetries = Discrete symmetries between generations in L

G = D4, S4, A4,D5, P6, . . . ,Z3, S3,∆(27), . . .

Aranda et al.; Fileviez Pérez; Pakvasa & Sugawara; Wyler; Frampton; Babu & Kubo; Mohan Parattu & Wingerter. . .

Kubo, Mondragón, Mondragón & Jáuregui; Mondragón & Gómez Izquierdo; Meloni, Morisi & Peinado

Our purpose HERE:

Explore potential of
∆(54) and its origin ,

Spontaneous breaking (associated with Higgs mechanism or ��
�SUSY)

⇓

predictions of neutrino mixings

origin of hierarchies

origin of textures

origin of dark matter

. . .
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Flavor symmetries: bottom–up

Problem: Where does G come from? (just artificial?)
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Flavor symmetries: bottom–up

Problem: Where does G come from? (just artificial?)

Solution: (4 + 6)D string theory!

additional discrete symmetries due to compact dimensions
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Flavor symmetries: bottom–up

Problem: Where does G come from? (just artificial?)

Solution: (4 + 6)D string theory!

additional discrete symmetries due to compact dimensions

geometry → symmetry

Discrete non-Abelian flavor symmetries can arise
from the geometric structure of string
compactifications! ,
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Strings
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Strings

1970’s:

t

t

s

1980’s: Superstring theories (SUSY + strings)

type I

type IIA

type IIB

Heterotic E8×E8

Heterotic SO(32)

→ gauge bosons
+ 10D N = 1 SUSY

−→ includes gravity; no anomalies (nor tachyons)
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Compactifying string theories

compactifications:

M9,1 = M3,1 ⊗X6 vol(X6) ∼ ℓ6P l, N = 1

1 X6: Calabi-Yau threefolds Candelas,Horowitz,Strominger,Witten (1985)

CY

M
4

4D: mundo real −33~(10   cm)
6
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Saúl Ramos-Sánchez – UNAM A stringy flavor



Compactifying string theories

compactifications:

M9,1 = M3,1 ⊗X6 vol(X6) ∼ ℓ6P l, N = 1

1 X6: Calabi-Yau threefolds Candelas,Horowitz,Strominger,Witten (1985)

2 X6: warped spaces/manifolds

3 Generalized CY, half-flat, SU(3)×SU(3) manifolds, . . .
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Compactifying string theories

compactifications:

M9,1 = M3,1 ⊗X6 vol(X6) ∼ ℓ6P l, N = 1

1 X6: Calabi-Yau threefolds Candelas,Horowitz,Strominger,Witten (1985)

2 X6: warped spaces/manifolds

3 Generalized CY, half-flat, SU(3)×SU(3) manifolds, . . .
4 X6: orbifolds Dixon,Harvey,Vafa,Witten (1985)

X

X

Z2X XZ2 : X ≃ −X

X ≃ X + 2πR
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Compactifying string theories

compactifications:

M9,1 = M3,1 ⊗X6 vol(X6) ∼ ℓ6P l, N = 1

1 X6: Calabi-Yau threefolds Candelas,Horowitz,Strominger,Witten (1985)

2 X6: warped spaces/manifolds

3 Generalized CY, half-flat, SU(3)×SU(3) manifolds, . . .
4 X6: orbifolds Dixon,Harvey,Vafa,Witten (1985)

orbifold

M
4

4D: mundo real −33
~(10   cm)

6
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Compactifying string theories

compactifications:

M9,1 = M3,1 ⊗X6 vol(X6) ∼ ℓ6P l, N = 1

1 X6: Calabi-Yau threefolds Candelas,Horowitz,Strominger,Witten (1985)

2 X6: warped spaces/manifolds

3 Generalized CY, half-flat, SU(3)×SU(3) manifolds, . . .
4 X6: orbifolds Dixon,Harvey,Vafa,Witten (1985)

D-brane worlds (in type I & II):
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4D: mundo real

10D
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Framework: toroidal orbifolds

Orbifold:

O =
compact manifold M

discrete group of isometries I

Toroidal Orbifold:
M = T n = R

n/Λ
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Framework: toroidal orbifolds

Orbifold:

O =
compact manifold M

discrete group of isometries I

Toroidal Orbifold:
M = T n = R

n/Λ

E.g. 2D torus T 2

2D

e2

e1

X i ≃ X i + nie
i

=T 2:
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Framework: toroidal orbifolds

Orbifold:

O =
compact manifold M

discrete group of isometries I

Toroidal Orbifold:
M = T n = R

n/Λ

I =

{

Abelian, e.g. Z2,Z3,Z3 × Z3

non-Abelian

g ∈ I ⇒ g = (Θ, v) such that gX = ΘX + v

where Θ = ϑpωq for ZN × ZM
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2D toroidal orbifolds and fixed points

2D ZN orbifolds

T 2
:

Z2

T 2
:

Z3

T 2
:

Z6

Saúl Ramos-Sánchez – UNAM A stringy flavor



Possible closed strings on the orbifold

Three types of closed strings:

ordinarily closed, closed on the torus, closed under the orbifold

e1

e2

b

u

r

ordinarily closed
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Possible closed strings on the orbifold

Three types of closed strings:

ordinarily closed, closed on the torus, closed under the orbifold

e1

e2

b

u

r

ordinarily closed

b

bclosed up to torus shifts
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Possible closed strings on the orbifold

Three types of closed strings:

ordinarily closed, closed on the torus, closed under the orbifold

e1

e2

b

u

r

ordinarily closed

b

b

b

b

closed up to torus shifts

closed up to
orbifold elements

twisted string

localized at fixed point
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Possible closed strings on the orbifold

Three types of closed strings:

ordinarily closed, closed on the torus, closed under the orbifold

e1

e2

b

u

r

b

b

b

b

Twisted strings located at fixed points → LEEF states localized
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Possible closed strings on the orbifold

Three types of closed strings:

ordinarily closed, closed on the torus, closed under the orbifold

e1

e2

b

u

r

b

b

b

b

localized twisted states

LEEF states appear at definite
points in compact space

Twisted strings located at fixed points → LEEF states localized
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Selection rules: localization (space group)

Interacting strings join for the time they interact:

x

g1x

g2y

y
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Selection rules: localization (space group)

Interacting strings join for the time they interact:

x

g1x

g2y

y

g1x = y

x
g2g1x
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Selection rules: localization (space group)

Interacting strings join for the time they interact:

x

g1x

g2y

y

g1x = y

x
g2g1x

g̃1x = y

x

g̃1x

g̃2y

y
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Selection rules: localization (space group)

Interacting strings join for the time they interact:

x

g1x

g2y

y

g1x = y

x
g2g1x

g̃1x = y

x

g̃1x

g̃2y

y

g2 g1 = g̃2 g̃1

for n interacting strings:

∏n
i=1 gi = 1
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Selection rules: localization (space group)

Interacting strings join for the time they interact:

x

g1x

g2y

y

g1x = y

x
g2g1x

g̃1x = y

x

g̃1x

g̃2y

y

g2 g1 = g̃2 g̃1

for n interacting strings:

∏n
i=1 gi = 1

space group selection rule:
∏n

j=1(ϑ
p(j) , n

(j)
α eα) = (1, ⋃j(1− ϑp(j) )Λ)
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Selection rules: localization (space group)

Space group rule:
∏n

j=1(ϑ
p(j) , n

(j)
α eα) = (1, ⋃j(1− ϑp(j))Λ)

localization of states ⇐⇒ coupling allowed or not

LEEF interpretation:

I ∋ (ϑp, nαeα) ⇐⇒ |(ϑp, nαeα)〉 ∼= |p, nα〉
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Selection rules: localization (space group)

Space group rule:
∏n

j=1(ϑ
p(j) , n

(j)
α eα) = (1, ⋃j(1− ϑp(j))Λ)

localization of states ⇐⇒ coupling allowed or not

LEEF interpretation:

I ∋ (ϑp, nαeα) ⇐⇒ |(ϑp, nαeα)〉 ∼= |p, nα〉

Stringy space group selection rule

⇐⇒ LEEF symmetry (Z) of the
couplings, acting on the charges

p, nα.

See how this works!
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Flavor symmetry for S1/Z2, ϑ = −1

space group rule

|b b
ee/20

|m = 0〉 |m = 1〉

relabeling
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Flavor symmetry for S1/Z2, ϑ = −1

space group rule

|b b
ee/20

|m = 0〉 |m = 1〉

∏n

j=1(ϑ
p(j) ,m(j)e) = (ϑ

∑

j p(j) , (
∑

j m
(j))e)

!
= (1, (0 mod 2)e)

relabeling
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Flavor symmetry for S1/Z2, ϑ = −1

space group rule

|b b
ee/20

|m = 0〉 |m = 1〉

∏n

j=1(ϑ
p(j) ,m(j)e) = (ϑ

∑

j p(j) , (
∑

j m
(j))e)

!
= (1, (0 mod 2)e)

⇒ two Z2’s acting on m, p charges:

(

|0〉
|1〉

)

7→

(

1 0
0 −1

) (

|0〉
|1〉

)

(

|0〉
|1〉

)

7→

(

−1 0
0 −1

) (

|0〉
|1〉

)

relabeling
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Flavor symmetry for S1/Z2, ϑ = −1

space group rule

|b b
ee/20

|m = 0〉 |m = 1〉

∏n

j=1(ϑ
p(j) ,m(j)e) = (ϑ

∑

j p(j) , (
∑

j m
(j))e)

!
= (1, (0 mod 2)e)

⇒ two Z2’s acting on m, p charges:

(

|0〉
|1〉

)

7→

(

1 0
0 −1

) (

|0〉
|1〉

)

(

|0〉
|1〉

)

7→

(

−1 0
0 −1

) (

|0〉
|1〉

)

space group rule Z2’s:

Φ 7−→ {σ3,−1}Φ

relabeling
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Flavor symmetry for S1/Z2, ϑ = −1

space group rule

|b b
ee/20

|m = 0〉 |m = 1〉

∏n

j=1(ϑ
p(j) ,m(j)e) = (ϑ

∑

j p(j) , (
∑

j m
(j))e)

!
= (1, (0 mod 2)e)

⇒ two Z2’s acting on m, p charges:

(

|0〉
|1〉

)

7→

(

1 0
0 −1

) (

|0〉
|1〉

)

(

|0〉
|1〉

)

7→

(

−1 0
0 −1

) (

|0〉
|1〉

)

space group rule Z2’s:

Φ 7−→ {σ3,−1}Φ

relabeling

degenerate fixed points (no Wilson lines)

|b b

|0〉 |1〉
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Flavor symmetry for S1/Z2, ϑ = −1

space group rule

|b b
ee/20

|m = 0〉 |m = 1〉

∏n

j=1(ϑ
p(j) ,m(j)e) = (ϑ

∑

j p(j) , (
∑

j m
(j))e)

!
= (1, (0 mod 2)e)

⇒ two Z2’s acting on m, p charges:

(

|0〉
|1〉

)

7→

(

1 0
0 −1

) (

|0〉
|1〉

)

(

|0〉
|1〉

)

7→

(

−1 0
0 −1

) (

|0〉
|1〉

)

space group rule Z2’s:

Φ 7−→ {σ3,−1}Φ

relabeling

degenerate fixed points (no Wilson lines)

|
S2

b b

|0〉 |1〉
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Flavor symmetry for S1/Z2, ϑ = −1

space group rule

|b b
ee/20

|m = 0〉 |m = 1〉

∏n

j=1(ϑ
p(j) ,m(j)e) = (ϑ

∑

j p(j) , (
∑

j m
(j))e)

!
= (1, (0 mod 2)e)

⇒ two Z2’s acting on m, p charges:

(

|0〉
|1〉

)

7→

(

1 0
0 −1

) (

|0〉
|1〉

)

(

|0〉
|1〉

)

7→

(

−1 0
0 −1

) (

|0〉
|1〉

)

space group rule Z2’s:

Φ 7−→ {σ3,−1}Φ

relabeling

degenerate fixed points (no Wilson lines)

|
S2

b b

|0〉 |1〉

⇒ relabeling symmetry S2:

(permutation symmetry)

m 7→ (m+ 1) mod 2

(

|0〉
|1〉

)

7→

(

0 1
1 0

) (

|0〉
|1〉

)
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Flavor symmetry for S1/Z2, ϑ = −1

space group rule

|b b
ee/20

|m = 0〉 |m = 1〉

∏n

j=1(ϑ
p(j) ,m(j)e) = (ϑ

∑

j p(j) , (
∑

j m
(j))e)

!
= (1, (0 mod 2)e)

⇒ two Z2’s acting on m, p charges:

(

|0〉
|1〉

)

7→

(

1 0
0 −1

) (

|0〉
|1〉

)

(

|0〉
|1〉

)

7→

(

−1 0
0 −1

) (

|0〉
|1〉

)

space group rule Z2’s:

Φ 7−→ {σ3,−1}Φ

relabeling

degenerate fixed points (no Wilson lines)

|
S2

b b

|0〉 |1〉

⇒ relabeling symmetry S2:

(permutation symmetry)

m 7→ (m+ 1) mod 2

(

|0〉
|1〉

)

7→

(

0 1
1 0

) (

|0〉
|1〉

)

relabeling symmetry S2:

Φ 7−→ σ1Φ
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Construction of the full flavor symmetry group

Invariance of couplings under:Z2 × Z2

space group

S2

G

relabeling

generate the

group GZ2 × Z2 ∪ S2 = G

Abelian non-Abelian non-Abelian!
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Construction of the full flavor symmetry group

Invariance of couplings under:Z2 × Z2

space group

S2

G

relabeling

generate the

group GZ2 × Z2 ∪ S2 = G

Abelian non-Abelian non-Abelian!

Find normal subgroup N = Z2 ×Z2 ⊂ G, generated by σ3,−1
G = S2 ⋉ (Z2 × Z2) = D4 (symmetry of a square)
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Construction of the full flavor symmetry group

Invariance of couplings under:Z2 × Z2

space group

S2

G

relabeling

generate the

group GZ2 × Z2 ∪ S2 = G

Abelian non-Abelian non-Abelian!

Find normal subgroup N = Z2 ×Z2 ⊂ G, generated by σ3,−1
G = S2 ⋉ (Z2 × Z2) = D4 (symmetry of a square)

flavor symmetry

space group & relabeling
combined!

Larger than symmetry of

compact space! (Z2)
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Flavor symmetry for T 2/Z3, ϑ = e2πi/3

space group rule

e1

e2

b

u

r

|m = 0〉

|m = 1〉

|m = 2〉
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Flavor symmetry for T 2/Z3, ϑ = e2πi/3

space group rule

e1

e2

b

u

r

|m = 0〉

|m = 1〉

|m = 2〉

∏n

j=1(ϑ
p(j) ,m(j)e1) = (ϑ

∑

j p(j) , (
∑

j m
(j))e1)

!
= (1, (0 mod 3)e1)
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Flavor symmetry for T 2/Z3, ϑ = e2πi/3

space group rule

e1

e2

b

u

r

|m = 0〉

|m = 1〉

|m = 2〉

∏n

j=1(ϑ
p(j) ,m(j)e1) = (ϑ

∑

j p(j) , (
∑

j m
(j))e1)

!
= (1, (0 mod 3)e1)

⇒ 2 Z3’s acting on p,m charges:
∑

j p
(j) !

= 0 mod 3
∑

j m
(j) !

= 0 mod 3
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Flavor symmetry for T 2/Z3, ϑ = e2πi/3

space group rule

e1

e2

b

u

r

|m = 0〉

|m = 1〉

|m = 2〉

∏n

j=1(ϑ
p(j) ,m(j)e1) = (ϑ

∑

j p(j) , (
∑

j m
(j))e1)

!
= (1, (0 mod 3)e1)

⇒ 2 Z3’s acting on p,m charges:
∑

j p
(j) !

= 0 mod 3
∑

j m
(j) !

= 0 mod 3

space group rule sym:Z3 × Z3
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Flavor symmetry for T 2/Z3, ϑ = e2πi/3

space group rule relabeling

e1

e2

b

u

r

|m = 0〉

|m = 1〉

|m = 2〉

∏n

j=1(ϑ
p(j) ,m(j)e1) = (ϑ

∑

j p(j) , (
∑

j m
(j))e1)

!
= (1, (0 mod 3)e1)

⇒ 2 Z3’s acting on p,m charges:
∑

j p
(j) !

= 0 mod 3
∑

j m
(j) !

= 0 mod 3

space group rule sym:Z3 × Z3

e1

e2

b

u

r

|m = 0〉

|m = 1〉

|m = 2〉
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Flavor symmetry for T 2/Z3, ϑ = e2πi/3

space group rule relabeling

e1

e2

b

u

r

|m = 0〉

|m = 1〉

|m = 2〉

∏n

j=1(ϑ
p(j) ,m(j)e1) = (ϑ

∑

j p(j) , (
∑

j m
(j))e1)

!
= (1, (0 mod 3)e1)

⇒ 2 Z3’s acting on p,m charges:
∑

j p
(j) !

= 0 mod 3
∑

j m
(j) !

= 0 mod 3

space group rule sym:Z3 × Z3

e1

e2

b

u

r

|m = 0〉

|m = 1〉

|m = 2〉

⇓

relabeling symmetry:

S3
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Construction of the full flavor symmetry group

Invariance of couplings under:Z3 × Z3

space group

S3

G

relabeling

generate the

group GZ3 × Z3 ∪ S3 = G

Abelian non-Abelian non-Abelian!
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Construction of the full flavor symmetry group

Invariance of couplings under:Z3 × Z3

space group

S3

G

relabeling

generate the

group GZ3 × Z3 ∪ S3 = G

Abelian non-Abelian non-Abelian!

There is a normal subgroup N = Z3 × Z3 ⊂ G

G = S3 ⋉ (Z3 × Z3) = ∆(54)
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∆(54) flavor symmetry in 6D orbifolds

Construction kit:
1 specify 6D geometry Λ, I

2
space group rule → Z
relabeling → S

}

−→ S ∪ Z

3 Flavor symmetry G = S ⋉ Z

Saúl Ramos-Sánchez – UNAM A stringy flavor



∆(54) flavor symmetry in 6D orbifolds

Construction kit:
1 specify 6D geometry Λ, I

2
space group rule → Z
relabeling → S

}

−→ S ∪ Z

3 Flavor symmetry G = S ⋉ Z

Since T 2/Z3 → G = ∆(54), search 6D orbifolds with such structure
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∆(54) flavor symmetry in 6D orbifolds

Construction kit:
1 specify 6D geometry Λ, I

2
space group rule → Z
relabeling → S

}

−→ S ∪ Z

3 Flavor symmetry G = S ⋉ Z

Since T 2/Z3 → G = ∆(54), search 6D orbifolds with such structure

Simplest options: T 6/Z3, T
6/Z3 × Z2, T

6/Z3 × Z3
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∆(54) flavor symmetry in 6D orbifolds

Construction kit:
1 specify 6D geometry Λ, I

2
space group rule → Z
relabeling → S

}

−→ S ∪ Z

3 Flavor symmetry G = S ⋉ Z

Since T 2/Z3 → G = ∆(54), search 6D orbifolds with such structure

Simplest options: T 6/Z3, T
6/Z3 × Z2, T

6/Z3 × Z3

BUT no promising models in T 6/Z3, T
6/Z3 × Z2 with ∆(54)

Lebedev,Ratz,SR-S,Vaudrevange (2008)

Investigate Z3 × Z3 orbifolds!
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Flavor symmetries in T 6/Z3 × Z3

If all fixed points are degenerate, flavor symmetry is large:

G = S3 × S3 × S3 ⋉

[Zϑ
3 × Zω

3 × (Zm
3 )3

]
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Flavor symmetries in T 6/Z3 × Z3

If all fixed points are degenerate, flavor symmetry is large:

G = S3 × S3 × S3 ⋉

[Zϑ
3 × Zω

3 × (Zm
3 )3

]

In Z3×Z3 heterotic orbifolds, up to 3 Wilson lines (WLs) allowed

WLs break degeneracy of fixed points

Each chosen WL6= 0 breaks one S3
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Flavor symmetries in T 6/Z3 × Z3

If all fixed points are degenerate, flavor symmetry is large:

G = S3 × S3 × S3 ⋉

[Zϑ
3 × Zω

3 × (Zm
3 )3

]

In Z3×Z3 heterotic orbifolds, up to 3 Wilson lines (WLs) allowed

WLs break degeneracy of fixed points

Each chosen WL6= 0 breaks one S3

Models with 2 WLs lead to flavor

G = S3 ⋉

[Zϑ
3 × Zω

3 × (Zm
3 )3

]

⊃ ∆(54) ,
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Flavor symmetries in T 6/Z3 × Z3

If all fixed points are degenerate, flavor symmetry is large:

G = S3 × S3 × S3 ⋉

[Zϑ
3 × Zω

3 × (Zm
3 )3

]

In Z3×Z3 heterotic orbifolds, up to 3 Wilson lines (WLs) allowed

WLs break degeneracy of fixed points

Each chosen WL6= 0 breaks one S3

Models with 2 WLs lead to flavor

G = S3 ⋉

[Zϑ
3 × Zω

3 × (Zm
3 )3

]

⊃ ∆(54) ,

Models with 3 WLs lead only to Abelian flavor

G = Zϑ
3 × Zω

3 × (Zm
3 )3
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Procedure to study stringy models with ∆(54)

1 Determine all (inequivalent) E8×E8 gauge embeddings in heterotic
string

ϑ → V , ω → W, eα → Aα
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Procedure to study stringy models with ∆(54)

1 Determine all (inequivalent) E8×E8 gauge embeddings in heterotic
string

ϑ → V , ω → W, eα → Aα

2 Select semi-realistic models

4D gauge group = SU(3)c × SU(2)L ×U(1)Y ×Ghidden

3 generations of quarks and leptons + a pair Hu, Hd

sin2 θw(MGUT ) = 3/8
only SM-vectorlike extra matter
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Procedure to study stringy models with ∆(54)

1 Determine all (inequivalent) E8×E8 gauge embeddings in heterotic
string

ϑ → V , ω → W, eα → Aα

2 Select semi-realistic models

3 Choose models with ∆(54) flavor symmetry
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Procedure to study stringy models with ∆(54)

1 Determine all (inequivalent) E8×E8 gauge embeddings in heterotic
string

ϑ → V , ω → W, eα → Aα

2 Select semi-realistic models

3 Choose models with ∆(54) flavor symmetry

4 Identify the stringy restrictions on ∆(54) quantum numbers of matter
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Procedure to study stringy models with ∆(54)

1 Determine all (inequivalent) E8×E8 gauge embeddings in heterotic
string

ϑ → V , ω → W, eα → Aα

2 Select semi-realistic models

3 Choose models with ∆(54) flavor symmetry

4 Identify the stringy restrictions on ∆(54) quantum numbers of matter

5 Determine the related non-SUSY Lagrangian under specific vacua
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Procedure to study stringy models with ∆(54)

1 Determine all (inequivalent) E8×E8 gauge embeddings in heterotic
string

ϑ → V , ω → W, eα → Aα

2 Select semi-realistic models

3 Choose models with ∆(54) flavor symmetry

4 Identify the stringy restrictions on ∆(54) quantum numbers of matter

5 Determine the related non-SUSY Lagrangian under specific vacua

6 Allow for spontaneous breakdown of ∆(54) flavor symmetry
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Procedure to study stringy models with ∆(54)

1 Determine all (inequivalent) E8×E8 gauge embeddings in heterotic
string

ϑ → V , ω → W, eα → Aα

2 Select semi-realistic models

3 Choose models with ∆(54) flavor symmetry

4 Identify the stringy restrictions on ∆(54) quantum numbers of matter

5 Determine the related non-SUSY Lagrangian under specific vacua

6 Allow for spontaneous breakdown of ∆(54) flavor symmetry

7 Study the low-energy consequences for quarks and leptons

→ predictions?
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Orbifolder needed as a tool (Nilles, SR-S, Vaudrevange, Wingerter, 2011)

Saúl Ramos-Sánchez – UNAM A stringy flavor

http://stringpheno.fisica.unam.mx/orbifolder


Results of search of models

We found over 7× 106 admissible gauge embeddings:

only 789 semi-realistic models∗
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Results of search of models

We found over 7× 106 admissible gauge embeddings:

only 789 semi-realistic models∗

1 12 with 3 WLs (Abelian flavor)
2 81 with 1 WL (G much larger than ∆(54))
3 696 with 2 WLs → ∆(54) ⊂ G ,
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Results of search of models

We found over 7× 106 admissible gauge embeddings:

only 789 semi-realistic models∗

1 12 with 3 WLs (Abelian flavor)
2 81 with 1 WL (G much larger than ∆(54))
3 696 with 2 WLs → ∆(54) ⊂ G ,

∆(54) favored as flavor symmetry in Z3×Z3 orbifolds ,
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Results of search of models

We found over 7× 106 admissible gauge embeddings:

only 789 semi-realistic models∗

1 12 with 3 WLs (Abelian flavor)
2 81 with 1 WL (G much larger than ∆(54))
3 696 with 2 WLs → ∆(54) ⊂ G ,

∆(54) favored as flavor symmetry in Z3×Z3 orbifolds ,

Only possible ∆(54) representations: 10,311,312 ,
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Results of search of models

We found over 7× 106 admissible gauge embeddings:

only 789 semi-realistic models∗

1 12 with 3 WLs (Abelian flavor)
2 81 with 1 WL (G much larger than ∆(54))
3 696 with 2 WLs → ∆(54) ⊂ G ,

∆(54) favored as flavor symmetry in Z3×Z3 orbifolds ,

Only possible ∆(54) representations: 10,311,312 ,

SM quarks and leptons generically in triplets

explanation for three generations!! ,
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Results of search of models

We found over 7× 106 admissible gauge embeddings:

only 789 semi-realistic models∗

1 12 with 3 WLs (Abelian flavor)
2 81 with 1 WL (G much larger than ∆(54))
3 696 with 2 WLs → ∆(54) ⊂ G ,

∆(54) favored as flavor symmetry in Z3×Z3 orbifolds ,

Only possible ∆(54) representations: 10,311,312 ,

SM quarks and leptons generically in triplets

explanation for three generations!! ,

* Numbers compatible with Nilles,Vaudrevange (2014), but we find many more models ,
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∆(54) stringy example

Example
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∆(54) string spectrum
# irrep ∆(54) label # anti-irrep ∆(54) label
3 (3,2) 1

6
311 Qi

3
(

3, 1
)

−

2
3

311 ūi

3
(

3, 1
)

1
3

311 d̄i

3 (1,2)
−

1
2

311 Li

3 (1,1)1 311 ēi
3 (1,1)0 312 ν̄i
1 (1,2)

−

1
2

10 Hd 1 (1,2) 1
2

10 Hu

Flavons
3 (1,1)0 311 φu

i

3 (1,1)0 311 φ
d,e
i

3 (1,1)0 312 φ̄ν
i

2 (1,1)0 2 · 10 s(d,e), su

128 (1,1)0 77 · 10 + 16 · 312 + 311 Ni

Exotic states
16 (1,2) 1

6
10 · 10 + 2 · 312 vi 16 (1,2)

−

1
6

4 · 10 + 4 · 312 v̄i

3 (3,1)0 312 yi 3
(

3, 1
)

0
3 × 10 ȳi

1
(

3, 1
)

−

1
3

10 zi 1 (3,1) 1
3

10 z̄i

7 (1,1)
−

2
3

4 · 10 + 312 xi 7 (1,1) 2
3

4 · 10 + 311 x̄i

51 (1,1)
−

1
3

30 · 10 + 7 · 312 wi 51 (1,1) 1
3

24 · 10 + 9 · 312 w̄i

WY = y
u
ijkQiHuūjφ

u
ksu + y

d
ijkQiHdd̄jφ

(d,e)
k s

(d,e) + y
e
ijkLiHdējφ

(d,e)
k s

(d,e)

+ y
ν
ijklLiHuν̄j + λijk ν̄iν̄jφ̄

ν
k , i, j, k = 1, 2, 3,
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∆(54) stringy phenomenology

∆(54) Phenomenology
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∆(54) stringy phenomenology: down sector

From the superpotential WY , quark and charged-lepton Lagrangian is

Lf
Y = yf1

[

F1Hf̄1φ1 + F2Hf̄2φ2 + F3Hf̄3φ3
]

+ yf2
[

(F1Hf̄2 + F2Hf̄1)φ3 + (F3Hf̄1 + F1Hf̄3)φ2 + (F2Hf̄3 + F3Hf̄2)φ1

]

+ h.c. ,

Fi : LH fermion, fi : RH fermion, H : Higgs, φi : flavon scalar
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∆(54) stringy phenomenology: down sector

From the superpotential WY , quark and charged-lepton Lagrangian is

Lf
Y = yf1

[

F1Hf̄1φ1 + F2Hf̄2φ2 + F3Hf̄3φ3
]

+ yf2
[

(F1Hf̄2 + F2Hf̄1)φ3 + (F3Hf̄1 + F1Hf̄3)φ2 + (F2Hf̄3 + F3Hf̄2)φ1

]

+ h.c. ,

Fi : LH fermion, fi : RH fermion, H : Higgs, φi : flavon scalar
⇒ down-quark and charged-lepton masses

MD
f =







yf1φ
f
1 yf2φ

f
3 yf2φ

f
2

yf2φ
f
3 yf1φ

f
2 yf2φ

f
1

yf2φ
f
2 yf2φ

f
1 yf1φ

f
3






f = u, d, e
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∆(54) stringy phenomenology: down sector

From the superpotential WY , quark and charged-lepton Lagrangian is

Lf
Y = yf1

[

F1Hf̄1φ1 + F2Hf̄2φ2 + F3Hf̄3φ3
]

+ yf2
[

(F1Hf̄2 + F2Hf̄1)φ3 + (F3Hf̄1 + F1Hf̄3)φ2 + (F2Hf̄3 + F3Hf̄2)φ1

]

+ h.c. ,

Fi : LH fermion, fi : RH fermion, H : Higgs, φi : flavon scalar
⇒ down-quark and charged-lepton masses

MD
f =







yf1φ
f
1 yf2φ

f
3 yf2φ

f
2

yf2φ
f
3 yf1φ

f
2 yf2φ

f
1

yf2φ
f
2 yf2φ

f
1 yf1φ

f
3






f = u, d, e

assume a vacuum/flavon alignment: 〈φf 〉 = vfφ(0, r
f , 1)

MD
f =





0 af af rf

af bf rf 0
af rf 0 bf



 af ≡ yf2 v
f
φ

& bf ≡ yf1 v
f
φ
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∆(54) stringy phenomenology: down sector

impose now the mass invariants (mf
i : measured fermion masses)

trMD
f = bf (1 + rf )

!
= −mf

1 +mf
2 +mf

3 ,

tr(MD
f )2 = [2(af )2 + (bf )2][1 + (rf )2]

!
= (mf

1 )
2 + (mf

2 )
2 + (mf

3 )
2 ,

detMD
f = −(af )2bf [1 + (rf )3]

!
= −mf

1m
f
2m

f
3 ,
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∆(54) stringy phenomenology: down sector

impose now the mass invariants (mf
i : measured fermion masses)

trMD
f = bf (1 + rf )

!
= −mf

1 +mf
2 +mf

3 ,

tr(MD
f )2 = [2(af )2 + (bf )2][1 + (rf )2]

!
= (mf

1 )
2 + (mf

2 )
2 + (mf

3 )
2 ,

detMD
f = −(af )2bf [1 + (rf )3]

!
= −mf

1m
f
2m

f
3 ,

taking the hierarchical sol: rf ≈ (mf
2 −mf

1 )/m
f
3 ≪ 1 , (af )2 ≈ mf

1m
f
2 , bf ≈ mf

3

MD
f ≈













0

√

mf
1m

f
2

m
f
2−m

f
1

m
f
3

√

mf
1m

f
2

√

mf
1m

f
2 mf

2 −mf
1 0

m
f
2−m

f
1

m
f
3

√

mf
1m

f
2 0 mf

3













,
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∆(54) stringy phenomenology: down sector

impose now the mass invariants (mf
i : measured fermion masses)

trMD
f = bf (1 + rf )

!
= −mf

1 +mf
2 +mf

3 ,

tr(MD
f )2 = [2(af )2 + (bf )2][1 + (rf )2]

!
= (mf

1 )
2 + (mf

2 )
2 + (mf

3 )
2 ,

detMD
f = −(af )2bf [1 + (rf )3]

!
= −mf

1m
f
2m

f
3 ,

taking the hierarchical sol: rf ≈ (mf
2 −mf

1 )/m
f
3 ≪ 1 , (af )2 ≈ mf

1m
f
2 , bf ≈ mf

3

MD
f ≈













0

√

mf
1m

f
2

m
f
2−m

f
1

m
f
3

√

mf
1m

f
2

√

mf
1m

f
2 mf

2 −mf
1 0

m
f
2−m

f
1

m
f
3

√

mf
1m

f
2 0 mf

3













,

For down-quarks

⇒ tan θC ≈
(MD

d )12

(MD
d
)22

≈

√

md

ms
Gatto-Sartori-Tonin ,
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∆(54) stringy phenomenology: down sector

Down-quark and charged-lepton sectors are symmetric

⇒ tan θeC ≈
(MD

e )12

(MD
e )22

≈

√

me

mµ

leptonic Gatto-Sartori-Tonin ,
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∆(54) stringy phenomenology: down sector

Down-quark and charged-lepton sectors are symmetric

⇒ tan θeC ≈
(MD

e )12

(MD
e )22

≈

√

me

mµ

leptonic Gatto-Sartori-Tonin ,

BUT all other quark and charged-lepton mixing angles are smaller than
observed /
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∆(54) stringy phenomenology: down sector

Down-quark and charged-lepton sectors are symmetric

⇒ tan θeC ≈
(MD

e )12

(MD
e )22

≈

√

me

mµ

leptonic Gatto-Sartori-Tonin ,

BUT all other quark and charged-lepton mixing angles are smaller than
observed /

Additional novel consequence

ms −md

mb

!
=

mµ −me

mτ

.

more stringent than b− τ unification /
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∆(54) stringy phenomenology: neutrino sector

From the superpotential WY , renormalizable neutrino Lagrangian is

Lν
Y = yν1 [L1Huν̄1 + L2Huν̄2 + L3Huν̄3]

+ λ1

[

ν̄1ν̄1φ̄
ν
1 + ν̄2ν̄2φ̄

ν
2 + ν̄3ν̄3φ̄

ν
3

]

+ λ2

[

2ν̄1ν̄2φ̄
ν
3 + 2ν̄1ν̄3φ̄

ν
2 + 2ν̄2ν̄3φ̄

ν
1

]

⇒ type I see-saw possible!! ,
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∆(54) stringy phenomenology: neutrino sector

From the superpotential WY , renormalizable neutrino Lagrangian is

Lν
Y = yν1 [L1Huν̄1 + L2Huν̄2 + L3Huν̄3]

+ λ1

[

ν̄1ν̄1φ̄
ν
1 + ν̄2ν̄2φ̄

ν
2 + ν̄3ν̄3φ̄

ν
3

]

+ λ2

[

2ν̄1ν̄2φ̄
ν
3 + 2ν̄1ν̄3φ̄

ν
2 + 2ν̄2ν̄3φ̄

ν
1

]

⇒ type I see-saw possible!! ,
⇒ RH neutrino masses masses

MRH =





λ1φ̄ν
1 λ2φ̄ν

3 λ2φ̄ν
2

λ2φ̄ν
3 λ1φ̄ν

2 λ2φ̄ν
1

λ2φ̄ν
2 λ2φ̄ν

1 λ1φ̄ν
3
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∆(54) stringy phenomenology: neutrino sector

From the superpotential WY , renormalizable neutrino Lagrangian is

Lν
Y = yν1 [L1Huν̄1 + L2Huν̄2 + L3Huν̄3]

+ λ1

[

ν̄1ν̄1φ̄
ν
1 + ν̄2ν̄2φ̄

ν
2 + ν̄3ν̄3φ̄

ν
3

]

+ λ2

[

2ν̄1ν̄2φ̄
ν
3 + 2ν̄1ν̄3φ̄

ν
2 + 2ν̄2ν̄3φ̄

ν
1

]

⇒ type I see-saw possible!! ,
⇒ RH neutrino masses masses

MRH =





λ1φ̄ν
1 λ2φ̄ν

3 λ2φ̄ν
2

λ2φ̄ν
3 λ1φ̄ν

2 λ2φ̄ν
1

λ2φ̄ν
2 λ2φ̄ν

1 λ1φ̄ν
3





assume a vacuum/flavon alignment: 〈φ̄ν〉 = vν3 (R1, δ, 1)

Mν = λ





δ − R2R2
1 R(−1 + RR1δ) R(−δ2 + RR1)

R(−1 + RR1δ) R1 − R2δ2 R(Rδ − R2
1)

R(−δ2 + RR1) R(Rδ − R2
1) R1δ − R2



 , R =
λ2

λ1

, λ =
y2
1〈Hu〉2

function(R1, R, δ)
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∆(54) stringy phenomenology: neutrino sector

Correlation atmospheric–reactor mixing angles compatible with best fit
Forero,Tortola,Valle (2014)

atmospheric mixing angle: 51.3o . θ23 . 53.1o (second octant) ,

reactor mixing angle: 7.8o . θ12 . 8.9o ,

6meV . mν1 . 6.8meV , 65meV .
∑

mν . 70meV ,
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∆(54) stringy phenomenology: neutrino sector

Correlation atmospheric–reactor mixing angles compatible with best fit
Forero,Tortola,Valle (2014)

atmospheric mixing angle: 51.3o . θ23 . 53.1o (second octant) ,

reactor mixing angle: 7.8o . θ12 . 8.9o ,

6meV . mν1 . 6.8meV , 65meV .
∑

mν . 70meV ,

Advantages of model:

Compatible with T2K (2016)
only normal hierarchy admissible
Falsifiable soon
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∆(54) (and other) flavor symmetries from compactification geometry:

Zspace group

S

G
relabeling

Full classification of Z3 × Z3 heterotic orbifolds with ∼ 800 nice
models
90% of them exhibit ∆(54) flavor symmetry
Strong stringy constraints on pheno
Leading to

1 6meV . mν1 . 6.8meV , 65meV .
∑

mν . 70meV ,
2 correct masses for quarks and leptons
3 Gatto-Sartori-Tonin in down-sector
4 funny unification mass relation /
5 normal hierarchy for neutrino masses
6 “predict” neutrino mixing angles ,
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Conclusions

∆(54) (and other) flavor symmetries from compactification geometry:

Zspace group

S

G
relabeling

Full classification of Z3 × Z3 heterotic orbifolds with ∼ 800 nice
models
90% of them exhibit ∆(54) flavor symmetry
Strong stringy constraints on pheno
Leading to

1 6meV . mν1 . 6.8meV , 65meV .
∑

mν . 70meV ,
2 correct masses for quarks and leptons
3 Gatto-Sartori-Tonin in down-sector
4 funny unification mass relation /
5 normal hierarchy for neutrino masses
6 “predict” neutrino mixing angles ,

BUT

bad quark mixing angles

proton decay

unjustified vacuum alignments

SUSY breaking not understood

Saúl Ramos-Sánchez – UNAM A stringy flavor


